Introduction
Topology optimization is a free-from design tool that aims to identify optimized material distribution within the design domain. Design performance is quantified with an objective function, which drives the optimization while engineering constraints govern the search domain. Topology optimization offers a systematic search capability of the design space, which allows arriving at revolutionary designs in a variety of engineering applications, especially at the early stages of design conceptualization (Bendsoe and Sigmund 2004) . Topology optimization is also increasingly being adopted as a design tool in structural engineering to develop high-performance structural layouts (e.g., Liang et al. 2000 ; Swan and Rahmatalla 2001;  Shea and Smith 2006;  Gaynor et al. 2012 ; Beghini et al. 2014) . Structural topology optimization combines mathematical optimization with finite-element analysis to search for optimized member connectivity and sizing under known applied loads and boundary conditions. However, due to difficulties in numerical implementation, structural topology optimization is mainly focused on displacement-based design schemes using truss finite-element models or frames members with relatively simple member crosssectional geometries (e.g., circular). However, there are many applications in structural engineering where stress is the primary design criterion, and thus the recommended designs from an optimization algorithm that is only displacement-based might be suboptimal for controlling the developed stresses within the structure. Moreover, real-world structures may be built with frame structures using members with other cross-sectional shapes (e.g., I-beams) . This article focuses on stress-based design of frame structures with standard cross sections using gradient-based design schemes. The challenges for implementing such structural topology optimization as compared with traditional displacement-based truss topology op timization are discussed in the following.
Although truss structures have many applications in struc tural engineering, they only transfer loads axially. Therefore, if member buckling is not considered, a single design variable (cross-sectional area of members) is adequate to formally express structural performance. However, frame structures are capable of transferring loads with axial, shear, and bending load mecha nisms. Therefore moment of inertia also plays an important role in quantifying structural performance and needs to be incorpo rated into the design process. For simple cross-sectional shapes, such as circular or rectangular sections, an analytical equation can be derived for relating cross-sectional area to moment of in ertia. Structures using these cross-sectional shapes for members were used for design under local and global instability constraints (Achtziger 1999; Ohsaki and Katoh 2005; Richardson et al. 2012; Torii et al. 2015) , optimizing vehicle bodies (Fredricson et al. 2003; Pedersen 2003 Pedersen , 2004 , material selection and cross-section design (Fredricson 2005; Takezawa et al. 2007) , and reliabilitybased design (Mogami et al. 2006 ), using displacement-based objectives. However, actual structures are usually designed from an available library of standard sections (for example, factorybuilt I-beams). Using discrete topology optimization schemes, the available library of candidate sections can be searched and the member cross-sectional areas determined for optimal truss designs (Achtziger and Stolpe 2007; Rasmussen and Stolpe 2008 ; Kanno and Guo 2010; Stolpe 2015) and moment of inertia for an optimal frame design (Kureta and Kanno 2014) . However, the computational cost of these topology optimization methods increases rapidly with increasing the number of available candi dates. In general, gradient-based optimizations are recommended for topology optimization where the number of design variables is relatively large (Sigmund 2011) . However, analytical equations for expressing moment of inertia for such cross sections do not exist, which prohibits using these efficient gradient-based optimizers.
With regards to effectively solving stress-based topology optimization problems, there are significant challenges that need to be addressed. The first is the so-called singularity phenomenon, the second is related to the highly nonlinear stress behavior, and the third is related to challenges with adequately expressing structural performance with a scalar that represents stress variation within the domain (Rozvany 2001; Cheng and Guo 1997; Cheng and Jiang 1992) . The singularity problem was first encountered for truss designs subject to stress constraints where it was shown that the //-dimensional feasible design space contains degenerate subspaces of dimensions less than n (Cheng and Jiang 1992; Kirsch 1990) , where the optimal design often laid in these degenerate subspaces. Nonlinear programming algorithms cannot identify these regions and hence they converge to locally optimized designs. To remedy this situation, several relaxation approaches have been proposed for truss design [e.g., the e-relaxation and smooth envelope functions (Cheng and Guo 1997; Rozvany and Sobieszczanski-Sobieski 1992) ]. These approaches were later adopted for the stressconstrained design of continua (Duysinx and Bendsøe 1998; Bruggi 2008) . Another issue with stress constraints, which is more pronounced in continua, is their highly nonlinear dependence on the design. Because stress is directly dependent on the density, it is significantly affected by density changes in neighboring regions (especially if a region with very small densities is being formed), which poses numerical instabilities for optimizers. The final difficulty of stress-based topology optimization is due to the local nature of the stress constraint. Stress changes within the design domain, and constraining stress in every point of the structure is computationally prohibitive for even moderate-sized topology optimization problems. Alternatively, stresses can be evaluated at many points within the domain, and the maximum of these (for example) could be controlled, which poses additional computational time. In addition, the maximum is not a differentiable function, which again precludes application of efficient gradient-based optimizers. A proposed solution to this complication replaces the local stress constraints with a single integrated stress constraint that approximates the maximum stress, such as the p-norm or the KreisselmeierSteinhauser (KS) functions (Yang and Chen 1996;  Duysinx and Sigmund 1998;  Le et al. 2010) , which is adopted in this work and recent papers concerned with stress-based design under uncertainty (e.g., .
This paper proposes an efficient methodology for stress-based topology optimization of frames with structural member properties that are mapped from an available library of candidate cross sections. To more accurately account for the natural variability of the data pertaining to cross-sectional properties, quantile regression is employed to analytically express these properties in terms of member cross-sectional area, which is the design variable. Specifically, the American Institute of Steel Construction (AISC) design manual is used for member selection using I-beam members. In this paper, I-beams refers to the collection of sections under HR S, M, and W in the AISC design manual (AISC 2015) . Moreover, stressbased performance of the structure is directly incorporated in the design objective using the maximum of the von Mises yield criterion throughout the domain, where the maximum is approximated with a differentiable p-norm function. These strategies allowed employing efficient gradient-based optimizers for searching the design domain for optimized designs. Three numerical examples were optimized with the proposed methodology to verify its effectiveness. Moreover, these designs were compared with traditional compliance-based designs. A methodology to interpret these designs as actual cross sections of the AISC design manual is also presented, and is shown to lead to minimal changes in structural performance.
Compliance-Based Topology Optimization of Frame Structures
This section begins by reviewing the compliance-based topology optimization, which can be defined as follows: for compliance-based design of frames under uncertainty, where β related bending stiffness to axial stiffness (bending efficiency of members). The range for this coefficient was determined using the AISC manual (AISC 2015) . However, because the focus of the present paper is on stress-based topology optimization, other cross-sectional properties should be expressed in terms of cross-sectional area as well. Therefore, the use of a variant of regression models to establish a relationship between member cross-sectional area, which is the design variable, and moment of inertia and other cross sectional properties (as needed throughout this paper) is proposed. The application is restricted to the AISC design manual data for I-beams. Therefore amax in this work will be the upper bound of area given by the AISC design manual.
Establishing Relationship between Area and Other Cross-Sectional Properties
The data for I-beam sections from the AISC manual are shown in Fig. 1 for two of the section properties, moment of inertia I and A first choice for establishing a relationship between crosssectional area and other section properties is the use of linear regression models. These models provide an equation relating the average of the moment of inertia (for example) given the observed cross-sectional area. This methodology was used for a limited data set of W-sections in Sarma and Adeli (2000) . In regression analysis, it is preferred to use a model with a minimum number of parameters to control the standard error of the estimated parameters while maintaining acceptable prediction accuracy [see Amini et al. (2016) and references therein for more discussion of this]. Moreover, this paper requires that model predictions are always positive, and are zero if cross-sectional area (the predictor) is zero. Therefore the square root of moment of inertia is predicted using the following model (without an intercept term): 
In Eq. (3) model coefficients (β) are also estimated from the data. Similar equations for flange width bf and thickness tf and web thickness tw were used. However, it can be seen in Fig. 2 that cross sections at the lowest percentile of the moment of inertia do not necessarily have the lowest flange and web thickness. Observation of the data suggests using 90% equations for the aforementioned properties in this data set. Model predictions were verified for the numerical examples in this paper, and a very good agreement was observed.
Stress-Based Topology Optimization of Frame Structures
Unlike compliance-based design, which uses the global vector of displacements to compute the objective function, stress-based design requires computing internal forces in frame members to calculate stresses within the domain. Moreover, a stress criterion that combines several stresses (normal and shear stresses) in a point into a single scalar is needed. In addition, because stress changes within the domain (along the length of elements and depth of crosssection), and computing stress in every point of the structure is computationally demanding, the stress criterion should be evaluated in a finite number of points. Finally, these scalar numbers should be combined into a single objective or a few constraints to avoid problems with very large numbers of constraints or objective functions. The strategies for addressing these challenges are presented in the following sections.
von Mises Yield Criterion
The von Mises yield criterion is shown to be accurate for predicting the onset of yielding of metals, and therefore is used in this work to where S = von Mises yield criterion at a point; σ = vector that collects all stresses developed in that point; and U = matrix of coefficients. Under plane stress conditions, the matrix of coefficients U is expressed as where σ11, σ22 and σ 12 = normal and shear stresses. Next, computation of these stresses within the domain is discussed.
Determining Stress-Based Performance of Frames
To compute the stresses that are developed within the structure members under the application of external forces f, internal forces at both ends of each frame member are computed first using fet= KelTd
where fel, Kel,T, and d = internal forces for each element, local stiffness matrix, transformation matrix, and the displacement vector, respectively, obtained from finite-element analysis. Next, internal forces in any location of a specific member are calculated and are used to determine normal and shear stresses as follows (under plane stress conditions):
where M, V, and P = internal bending moment, shear force, and axial force respectively; y = distance away from neutral axis of the Fig. 3 . Location of the proposed nine points for computing von Mises stress in each frame element cross section; a = cross-sectional area; I = moment of inertia; Q = first moment of area; and t = width at the section where shear stress is being evaluated. Therefore, for stress calculations for planar frames, two coordinates are required: (1) the location x on the length of a member; and (2) the distance y on each cross-section from the neutral axis. In this paper stresses are evaluated in nine points for each frame member as shown in Fig. 3 . These nine points are the points most susceptible to generating the maximum combined stress (measured in terms of the von Mises criterion) for each member. However, the number of points can be decreased based on type and location of loading (for example, point loads applied on connections only). For simplicity of calculations, a vector and a matrix to collect the required forces along the axis of the member (x) and the coefficients representing the location on the cross section (y) are defined. Multiplication of these yields the stress vector in a given point as follows:
In Eq. (9), qx extracts the required forces in the x-direction and matrix Ry is related to section properties and the location on the cross section. The vector qx is defined as follows:
As shown in Fig. 3 
where L is member length. Having determined the required forces, attention is now turned to the coordinate on the cross section. A typical I-beam cross section is shown in Fig. 4 . The matrix Ry for location along the cross-section is defined in general as follows: ca 0 cb 0 0 0 0 cs 0 (11) where y denotes the position measured from the neutral axis of the section as shown in Fig. 4 . There are three coefficients in Eq. (11): axial stress coefficient ca; bending stress coefficient cb; and shear stress coefficient cs. These coefficients depend on the shape of the cross section and the location where stress is being evaluated. For I-beams, in general, these coefficients are (12) The parameters in Eq. (12) are shown in Fig. 4 . The axial stress coefficient is constant for all locations on the cross section, whereas the other coefficients vary. As shown in Fig. 3 , the stresses are determined at three points along the cross-section: y = h/2 -tf, y = 0, and y = -h/2 + tf. Therefore the stress coefficients used in Eq. (11) As mentioned previously, multiplication of Ry and qr yields the stress vector at each point on the frame element. The von Mises yield criterion can now be determined by rewriting Eq. (4) as (19) Returning to Fig. 3 and assuming the frame consists of m mem bers, the criterion is evaluated at m x 9 points within the domain at each optimization iteration. Note that depending on the application, stress could be evaluated at other candidate points as well. The goal of this optimization is to control the maximum of these stresses within the design domain. However, because the maximum is not a differentiable function, it is approximated with the p-norm function as max(Sαβ) ≈ (Z"=i Z^=i) (Yang and Chen 1996;  Duysinx and Sigmund 1998; Le et al. 2010 ). The larger the exponent p, the closer the approximation.
Stress-Based Topology Optimization Problem Definition and Sensitivities
Putting the preceding discussions together, the proposed stressbased topology optimization is defined as follows:
The major change with respect to Eq. (1) is the objective function S, which is the p-norm of all stresses with a sufficiently large norm to approximate the maximum. Because of the large number of design variables in frame stress-based topology optimization, it is desirable to use gradient-based optimizers to reduce the computational cost (Sigmund 2011 The solutions in this paper were found using a uniform material distribution as the initial guess (equal area for all members), and using the MATLAB optimization toolbox (with the fmincon function using the interior point method) as the optimizer {MATLAB). The optimizer tolerance was chosen as 0.0001%. In addition, the MMA algorithm of Svanberg (1987) was used as the optimizer, and it was found that the MATLAB optimizer performed slightly better for these examples; this observation is in line with Rojas-Labanda and Stolpe (2015) . Note that convergence to the global minimum is not guaranteed.
Numerical Examples
In this section, the proposed algorithm is used for stress-based design of three frame structures, and results are compared with traditional compliance-based designs. All frames incorporate I-beam members from the AISC design manual. To study the effects of bending efficiency of members on the final topology, each frame was designed at three percentile levels, 10, 50, and 90%, for moment of inertia (Fig. 2) . The ground structure approach was used, where a dense mesh of candidate elements was used to initialize the design process. The proposed algorithm then optimized crosssectional areas throughout this structure. Inefficient (low-area) members were then removed. Because the minimum value for I-beam cross-sectional area in the AISC manual is 0.914 in2, this value was chosen as the threshold for removing members. The removed members were eliminated from the design variable vector (i.e., they do not reappear in the design), and the resulting topology was then optimized again. This process was continued until convergence was achieved. Convergence was defined as a loss of material less than 0.01% after member removal. For the numerical problems considered in this paper, convergence was achieved with at most three design iterations. It is noted that the ground structure is a statically indeterminate structure, and structural elements connecting two supports, which will be zero-force members, will cause stress singularity in determining the gradient [see Eq. (23)]. However, because these members do not contribute to transferring the external load, they were removed from the ground structure to avoid this singularity problem. Load magnitude and Young's modulus were scaled to 1 for all examples. The total amount of volume was set to vLxLy, where Lr and Ly are dimensions of the structure in the x and y directions, respectively. While the aim of stress-based design in the first and second example was to minimize the maximum of stress, the third example used both stress and compliance in the constraints while aiming to minimize the total volume of material [see Eq. (39) ]. In all examples, the maximum was approximated with a p-norm function with an exponent of p = 100.
Cantilever Structure under a Lateral Load
This section begins with the cantilever structure under a point load applied at a top corner as shown in Fig. 5 . The frame width, height, and total allowable volume were L, 2L, and L2, respectively. A full ground structure was used, where each node was connected to all other nodes to provide more design freedom with an enlarged solution space. Fig. 6 shows optimized topologies for the three selected percentiles using compliance-based (left) and the proposed stress-based algorithms (right). In this figure, line thicknesses signify relative member cross-sectional areas. All line thicknesses were normalized to the maximum of cross-sectional area among all final designs (which is the lowest outer column in the top right design). Comparing results of each row reveals that compliance-based designs featured a primary load path with members taking a considerable share of the available volume. This load path was supported with a few other members. However, stress-based topologies are generally more complex, featuring many load paths to mitigate the effect of stress concentration in primary members. Moreover, while in the first column the optimizer was allowed to choose members with a relatively low bending efficiency (from the 10th percentile of moment of inertia), the minimum compliance design transfered the load primarily with bending mechanisms, but the stress-based design load paths were more diversified and the optimizer used mainly axial load transfer mechanisms.
The number of elements in these final designs is shown in Table 1 , where it can be seen that stress-based designs featured more members. Note that while the number of members decreased with choosing a higher percentile in the compliance-based Fig. 5 . Ground structure for the cantilever structure under a lateral load Fig. 6 . Designs resulted from compliance-based (a-c) and stress-based (d-f) topology optimization of the cantilever structure for 10th, 50th, and 90th percentiles (from left to right) of cross-sectional moment of inertia methodology (the dominant bending deflections were resisted with fewer members with larger cross-sectional areas), this was not the case for stress-based designs.
These differences in the designs point to a different design approach for stress-based design: avoiding large von Mises stresses in members instead of maximizing stiffness under the applied load, which is the target of compliance-based design. These differences are numerically investigated in Table 2 . It is observed that compliancebased design always resulted in a lower compliance (higher stiffness), but was outperformed by the stress-based design in terms of maximum of stress (smax), average stress (save). and standard deviation of stress (std[s] ). Comparing the designs columnwise (higher percentile for bending efficiency) shows that increasing the bending efficiency of members led to a consistent decrease in compliance (deflection at the point at which load is applied). However, maximum of stress increased. This might be because in a structure with more bending capacity, larger internal shear forces are also developed within the members, which leads to a greater von Mises criterion at every point of the structure; hence a higher maximum for the whole structure. Overall, axial load transfer mechanism appears to be Fig. 6 ; intensity shows the magnitude for maximum of stress in each element pursued by the optimizer with the proposed stress-based design objective. Stress variations within the final designs are also depicted in Fig. 7 . In this figure the maximum of stress in each member is chosen as the stress magnitude of that member. It can be seen that designs with the proposed methodology had significantly lower maximum stress magnitude with lower stress dispersion (although stress variance was not directly controlled for). It is noted that the location for maximum stress for the compliance-based design was always in the outer columns, but the stress-based design used several diagonal members in these locations to mitigate this effect. This modification, in turn, led to a change in the location of maximum stress for these designs.
Bridge Under Distributed Loads
The ground structure for this example was a bridge under distributed loads as shown in Fig. 8 . Frame width, height, and total allowable volume were L/3, 2L, and 2/3L , respectively. In this example the final designs were found using a fixed 50th percentile for the moment of inertia (median of the data). Fig. 9 shows the optimized topologies using the described compliance-based and stress-based methodologies. The compliancebased design devoted a significant share of volume to the middle of the bottom and the top chord members. These members gradually received less volume progressing from the center toward the sup ports. This pattern is similar to the previous compliance-based designs, where elements with large area were observed to control the deflections (mainly due to bending). The vertical link member in the center controlled the maximum deflection, which occured in the center. The stress-based design, on other hand, consisted of more Fig. 8 . Ground structure for the bridge structure under distributed load Compliance-based and stress-based designs for the bridge structure members with more even material distribution throughout the domain. Moreover, the topology resembled the stress variations within a simply supported continuum beam under distributed loads. Under this analogy, the diagonal members resisted the developed shear stresses and the top and bottom chords resisted bending stresses. These shear members were angled and were designed to be stronger closer to supports where shear was higher. The bottom chord in this design did not receive the highest share of volume in the center where bending was maximum. Instead, adjacent members that resist a combination of bending and shear stresses (which results in a higher von Mises stress) were designed to be stronger.
The von Mises stress distributions within these two designs are shown in Fig. 10 , where it can be seen that the maximum stress in the compliance-based design (0.1349) exceeded that of the stressbased design (0.1143). Moreover, in the stress-based design the stresses in members adjacent to central members in the bottom chord were larger, which justifies their stronger design. In addition, the stress in diagonal members of this design increased toward the supports, which is consistent with the internal shear variations of the continuum beam analogy. Similar to the preceding example, less variability was observed in the stress distribution of the stress-based design. Finally, it is noted that the location of maximum stress was different in these two designs. For the compliancebased design the maximum stress was in the bottom chord where it met the support. However, these members were designed with relatively small cross-sectional areas, which makes this design more susceptible to failure due to stress. Fig. 10 . Stress distribution for compliance-based and stress-based designs for the bridge structure A methodology to interpret the designs resulted from the pro posed methodology to actual I-beam sections from the AISC manual is now discussed. The proposed methodology uses a continuous relationship (motivated by the AISC data) for the design variables, and other cross-sectional properties. However, section properties are discrete numbers in the AISC (or any other) design manual. Therefore the final designs need to be mapped into actual cross-sections from the AISC I-beams database. This interpretation should be done so that the performance loss of the design is mini mum. Therefore the methodology uses cross section closest to each designed member by the proposed algorithm as measured by the Euclidian distance in the six-dimensional coordinates of member area, moment of inertia, cross-sectional height, flange width, flange thickness, and web thickness. However, because moment of inertia is significantly larger than the other section properties, its square root was used in determining the distance. As an example, this methodology was used to interpret the compliance-based and stress-based bridge designs as actual cross sections from the AISC design manual. The results are shown in Appendix II, where the change in performance is less than 3%.
Cantilever Structure under Central Load
The preceding examples showed how directly controlling for stress impacts the final design in representative percentiles of member cross-sectional bending efficiency. Moreover, the stress-based designs were compared with compliance-based designs. In this example, effects of controlling both stress and compliance on the volume of material used in the final design is investigated. The design statement is expressed as follows: where C* and 5* = allowable compliance and stress (capacities), respectively; and γ and λ = coefficients (designer's choice) for importance of either stress or compliance (as a proxy for stiffness), respectively, in the final design. Note that this problem statement features three nonlinear constraints, which increase the computational time. Therefore a ground structure with partial connectivity (i.e., not fully connected but not with very simple connectivity) with 283 members was used for this example as a reasonable compromise to allow illustrating the effects of controlling both stress and compliance. This ground structure geometry, the boundary conditions, and the applied load are shown in Fig. 11 . The width and height of this frame were equal to L and 1.5L, respectively.
One way to obtain reasonable values for capacities C* and 5* is to optimize this ground structure using design statements in Eqs. (1) and (20) separately under a limited volume of material. In practical situations, C* could be selected as a fraction of structure height and S* could be determined from material strength. Nevertheless, The results for these two limiting cases are shown in Fig. 12 , where line thicknesses are normalized by the maximum area among all designs. As expected, differences between the two designs were similar to those observed in the preceding examples. In all the design that follow, Ne shows the number of elements remaining in the final design.
The problem statement in Eq. (39), with a values of 1 for both γ and A, was used and this frame topology was designed using C*, and S* from the preceding limiting cases. The resulting design is shown in Fig. 13 . As member thicknesses indicate, this design required approximately 12% more material compared with the two limiting cases shown in Fig. 12 . Moreover, features of both of the preceding topologies can be observed because the design was required to satisfy both stress and compliance constraints.
The effects of moving the design toward each limiting state of stress or compliance were investigated by changing the coefficients of A and 7 in Eq. (39). Designs for several combinations are presented in Fig. 14. Identical normalization of member thickness was used across all these designs. The designs in the top row were based on a tighter control over compliance (left design, with 7 = 0.5) and over stress (right design, with A = 0.5), and the designs on the bottom row were for relaxed constraints (A = 2 or 7 = 2). Comparing these two rows, it is observed that, as expected, designs for tighter control over stress or compliance required more volume (approximately twice as much). The most complex design was achieved when the highest control over stress was requested, which was significantly different compared with all other designs. Finally, the design for γ = 1 and λ = 2, although it required less volume, tended toward the compliance-based design, and for γ = 2 and λ = 1 was similar to the design shown in Fig. 13 .
Concluding Remarks
This paper proposed methodologies to advance frame gradientbased topology optimization on two fronts. First, actual data for standard factory-built sections were used in the structural design. Quantile regression was used to express moment of inertia and other cross-sectional properties analytically as functions of member cross-sectional area, and to account for the relatively large variance in the data set. Optimized designs were found using several percentiles of cross-sectional bending efficiency. Although the examples used a single percentile for all members in each design, the algorithm could be implemented with flexibility to use different percentiles for different members. Second, an algorithm for stress-based topology optimization using the von Mises yield criterion was proposed to directly control the maximum of stresses in frames. A comparison of stress-based and the widely used compliance-based designs was made, and it was observed that stress-based designs generally feature load path diversification to reduce stress in members. Stress distribution within the final designs verified the effectiveness of the proposed algorithm. Additionally, combined effects of controlling for compliance and stress on the final design were investigated.
The free-from capability of topology optimization is best suited for initial stages of design conceptualization. However, the resulting topologies depend on, among others, the defined ob jective functions (stress-based or compliance-based) and cross sectional properties of frame members. Therefore methodologies to directly incorporate these within the design procedure are needed. The proposed algorithm achieves these with computa tional efficiency. In addition, a methodology to interpret these de signs in terms of the AISC manual section was proposed, which makes this algorithm attractive for a systematic search of the de sign space for optimized connectivity and relative sizing of mem bers. These designs can then be investigated more thoroughly for satisfying other engineering and architectural constraints. A limitation of this work is that buckling (overall and individual member) constraints were not included. Including these is the sub ject of future research.
Appendix I. Equations of Fitted Curves Given by Quantile Regression
This appendix provides quantile regression results for expressing cross-sectional properties in terms of area for the I-beams in AISC manual. These results are obtained using the MATLAB code developed by Grinsted (2015) . As discussed previously, these equa- 
Fitted curves over the actual data are shown in Fig. 15 .
Appendix II. Results of Interpreting Final Designs of Bridge Structure to AISC I-Beam Sections
This section demonstrates the bridge stress-based design inter preted in terms of the AISC design manual. First, an element numbering was defined as shown in Fig. 16 . Next, the methodology proposed in the Numerical Examples section was used for selecting the closest actual AISC cross sections. The resulting cross sections along with predicted cross-sectional properties are shown in Table 3 . For this specific example, the maximum stress of .Smax = 0.1135 was obtained for the interpreted design, which resulted in less than a 1% change in stress-based performance. Similarly, all other resulting designs were interpreted as the AISC cross sections. This resulted in a change of compliance of the compliance-based design for the bridge structure of approximately 2%. The change in volume for both bridge designs was less than 2% (volume loss). Moreover, a maximum change in performance of less than 9% was observed among all other designs (stress-based or compliance-based). These results are not shown here for brevity. This gap could be reduced to approximately 1% if all resulting areas were increased by 10% before interpreting them as the AISC sections. However, it is noted that this approach increases the volume of material assumed by the proposed algorithm during the design procedure.
Finally, the predicted values for cross-sectional properties by the proposed methodology were verified. Table 3 shows that some AISC cross sections were used more than once. Two sections that were used most frequently were selected (W16x77 and W12 x 45), and their cross-sectional properties were obtained using the AISC manual. The averages of the predicted values among the three members were taken, and the percentage errors between these averages and the actual AISC values are presented in Table 4 . Fig. 16 . Element numbering for interpreting the stress-based bridge design in terms of the AISC design manual In general, the prediction errors seem acceptable. The maximum error seems to be in predicting bf. It is again noted that the interpreted design performance has changed by less than 1%.
